Abstract -A mathematical model for the free radical polymerization of styrene is developed to predict the steady-state and dynamic behavior of a continuous process. Special emphasis is given for the kinetic and thermodynamic models, where the most sensitive parameters were estimated using data from an industrial plant. The thermodynamic model is based on a cubic equation of state and a mixing rule applied to the lowpressure vapor-liquid equilibrium of polymeric solutions, suitable for modeling the auto-refrigerated polymerization reactors, which use the vaporization rate to remove the reaction heat from the exothermic reactions. The simulation results show the high predictive capability of the proposed model when compared with plant data for conversion, average molecular weights, polydispersity, melt flow index, and thermal properties for different polymer grades.
INTRODUCTION
Many researchers have been involved in studying the phenomenon of thermo auto-initiation of styrene. Flory (1937) was the first who suggested that this polymerization is initiated by the combination of two molecules of styrene to produce a diradical. However, further statistical analysis indicated that these diradicals react very fast in order to start the polymerization. Mayo (1961) proposed the mechanism for this reaction. The first stage of the mechanism is the dimerization reaction of Diels Alder; in the next stage, the obtained diradical reacts with a third molecule of styrene, producing two types of radicals responsible for the initiation of the polymerization, propagation, and termination reactions.
When discussing the kinetics of polymerization of styrene, it is impossible not to mention the kinetic model of the thermal initiation proposed by Hui and Hamielec (1972) . In their article, the authors made an experimental study of the thermal polymerization of styrene between the temperatures of 100 and 200 o C and a range of conversion from 0 to 100%. They established the kinetic constants for each of the reaction's steps, considering that all the constants are independent of the size of the polymer chain, but vary with the conversion. The constants found by the authors to the gel effect are used until today in the majority of studies of styrene polymerization.
From the 80's, with an increased industrial interest in the application of multi-functional initiators for reaction of free radicals, new studies were published about the kinetic behavior of styrene polymerization. The importance of these studies is based on the nature of the free-radical polymerization, where high conversions and high molecular weights cannot be, in general, obtained simultaneously. The practical advantages of these multi-functional initiators are, in principle, the reduction of the polymerization time and the increase of the molecular weight control, being unnecessary major modifications in the reactor. Villalobos et al. (1991) developed models for the kinetics of the polymerization using three types of bi-functional initiators. From the comparison between bifunctional initiators and one mono-functional, it was concluded that distribution of molecular weights is controlled by the rate of polymerization with bifunctional initiators. The different kinetics of decomposition of the two peroxide groups of bifunctional initiators was considered by the authors by taking into account the change of the activation energy for homolysis of the second peroxide group, which takes place only after the homolysis of the first group.
In many industrial processes of polymers, data for the vapor-liquid equilibrium (VLE) are crucial. On this basis, many equations of state (EOS) and coefficients of activities models have been proposed in the last two decades. Loulli and Tassius (2000) used the cubic equation of state of Peng-Robinson; where the parameters a (energy) and b (co-volume) for the polymers were obtained by experiments. The EOS was applied to the low-pressure vapor-liquid equilibrium for various polymeric solutions through the use of an interaction parameter with three mixing rules: van der Walls, Zhong and Masuoka (ZM), and Huron-Vidal of first order (MHV1). These rules were used together with the cubic equation of state and the model of Flory-Huggins. The parameters a and b were determined by fitting the model to PVT data of pure polymer and considering that a/MW and b/MV are independent of MW (average molecular weight). They applied the VLE model in a large variety of solvent-polymer systems, and the best result was obtained with the ZM mixing rule.
In the present work, kinetic and thermodynamic models of styrene polymerization in solution, using data from an industrial plant, were developed. Based on these models, a dynamic mathematical model for a series of two auto-refrigerated reactors was built to predict the quality of the polymer product for different process operating conditions. The reactors were modeled as reactive separation systems with two equilibrium stages. The reacting system considered is constituted, mainly, by the monomer (styrene), the solvent (ethyl-benzene) and the polymer (polystyrene). The heat of the exothermic reaction is removed, in the form of heat of vaporization, by the vapor phase stream leaving the reactor. For the phase equilibrium calculation, the Peng-Robinson EOS and the ZM mixture rule with the extension of Louli and Tassios (2000) for the energy and co-volume parameters for the polymer were used. The kinetic and binary interaction parameters were estimated with the use of available and limited data in the industry. In the next three sections, the kinetic, the thermodynamic, and the process models are presented, respectively.
KINETIC MODEL
The polymerization of styrene can be initiated thermally and by bi-functional peroxide, following the conventional kinetics of free-radical initiation, propagation, termination, and chain transfer. The thermal initiation becomes substantial at polymerization temperatures above 100°C (Chen, 2000) . The thermal initiation mechanism proposed by Hui and Hamielec (1972) is represented by a third-order kinetics with respect to the styrene monomer. The decomposition of the bi-functional initiator takes place by the bond scission of one peroxide group and not by the simultaneous bond scission of the two peroxide groups (Villalobos et al., 1991) . It is also considered that the chain termination occurs exclusively by combination. Termination by disproportion is negligible in the polymerization of styrene (Chen, 2000) . With the above assumptions, the mechanism of the polymerization reactions is given in Table 1 , where I is the bi-functional peroxide; Ag is the chain transfer agent; Ag* is the radical transfer agent; AH is 1-phenyltetralin; P n and D n are the alive and dead polymers of size n without a non-dissociated peroxide group; n P and n D are the alive and dead polymers of size n with a nondissociated peroxide group; n D is the temporarily dead (or dormant) polymer of size n with two nondissociated peroxide groups; R is the primary radical without a non-dissociated peroxide group (radical 1); R is the primary radical with a nondissociated peroxide group (radical 2); and S is the solvent concentration.
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Thermal Initiation: Transfer to solvent:
Radical Initiation: Transfer to transfer agent:
Termination by combination:
Transfer to monomer: Oligomers: (thermal initiation)
The gel effect must be taken into account for freeradical polymerization reactions with high conversions, where the termination reaction becomes controlled by diffusion, and the effective constant for termination decreases considerably with the increase of the monomer conversion. The correlation suggested by Hui and Hamielec (1972) , as function of the conversion (X) and the reaction temperature (T), was used in the gel effect for the polymerization reaction of styrene, represented in Equation 1. 
-2 2 A 9.56 -1.76 x 10 T (K)
- 3 3 A -3.03 7.85 x 10 T (K) (4) k tco is the kinetic constant without the gel effect.
The chain transfer to sub-products of the thermally initiated reaction must be considered in order to have an effective constant of transfer to monomer. The importance of the chain transfer to sub-products was studied by Pryor and Coco (1970) , showing that the degree of polymerization at low auto-initiated conversions is much bigger than at high conversions. In order to explain this kind of anomalous behavior, it was suggested that the transfer to monomer controls the chain termination in low-conversion processes. However, when the concentration of AH increases, the transfer to AH becomes more important for chain termination. On this basis, a large parcel of the chain transfer constant to styrene is, in reality, the result of the chain transfer to AH:
However, because the kinetic constants of the intermediary reactions of thermal initiation are unknown, the empirical form of Hui and Hamielec (1972) is an alternative to the use of Equation 5. During an experimental study, the authors considered that all the constants are independent of the size of the polymer chain but can vary with the conversion and they suggest Equations 6 to 8: In this experimental study, Hui and Hamielec (1972) also considered that the propagation reactions are influenced by the conversion and that Equation 6 could be used to obtain the variation of the kinetic constant (k p ) with the conversion. However, according to Chen (2000) , it is not necessary to take into account the effect of the conversion on the propagation reaction for solution polymerization.
Undertaking a mass balance of the species, without considering their inflow and outflow at this stage, and by applying the method of moments while using the assumption of QSSA (quasi-steady-state approximation) for the radicals, the final kinetic model is obtained:
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these equations consider the interaction between polystyrene, styrene, and ethyl-benzene components through the binary parameters k ij .
PROCESS MODEL
The mathematical model proposed for two autorefrigerated reactors in series of an industrial plant is illustrated in Figure 1 . Auto-refrigerated chemical reactors are also known as chemical reactors with evaporative cooling. The vapor boiled from the liquid is condensed in a heat exchanger and, generally, the condensate is returned to the reactor. The condenser operates at lower pressure than the reactor since there must be a pressure gradient to drive the vapor from the reactor to the condenser. Several polymerization reactions are carried out in industry in auto-refrigerated reactors (Beckman, 1973; Henderson III and Cornejo, 1989; Toledo et al., 2005) . In the studied process, the condensate is returned to the feed stream, before a heat exchanger that controls the feed temperature of the first reactor, see Figure 1 .
Each reactor was modeled as a reactive distillation system with two equilibrium stages, as illustrated in Figure 2 . The liquid phase in the bottom stage, where the polymerization reactions occur, was considered at its bubble point. No liquid holdup was considered in the top stage, acting as an instantaneous flash drum of the feed stream. The reactor temperature is controlled by manipulating the vaporization rate in the top stage. The heat of the exothermic reaction is removed, in the form of heat of vaporization, by the vapor phase stream leaving the reactor. The liquid stream from the top to the bottom stage provides the cooling of the reaction mixture, since it is at lower temperature due to the flashing. The following assumptions were also considered in the model:
The reacting medium is in perfect mixing. The heats of initiation and termination reactions are negligible when compared to the heat of the propagation reaction.
The reactions are irreversible. The cooler inlet temperature and the condenser pressure are specified.
A CSTR with evaporation is not a full reactor and it usually operates under slight vacuum. During normal operation, the reactor runs isothermically by controlling the evaporation rate and having the feed stream at lower temperature as disturbance. The reactor's jacket is the provider of the heating and cooling during startups and shutdowns using thermal oil, and it is kept at the reaction temperature during normal operation, not contributing to heat removal, but acting as thermal isolation. Luyben (1999) presented a detailed study of temperature control of auto-refrigerated CSTRs.
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In relation to Stage II (non-adiabatic), the following energy balance was written: c are the liquid specific mass and heat in Stage II; q is the heat exchanged with the thermal oil during startups and shutdowns, and H r is the heat of the propagation reaction with rate r p . The overall mass balance and component balances for each stage were written in the same way, using the kinetic rates given in Section 2.
Polymer Properties
The number and mass average molecular weights can be calculated by using the radical and polymer moments:
where M M is the monomer molecular weight. The viscosity of the reaction mixture is estimated by Mendelson's correlation (Chen, 2000) for concentrations between 40 and 100% of polystyrene in ethyl-benzene and temperatures between 60 and 200°C: 
with a E 2300 exp 2.4X . The thermal, rheological, and mechanical properties of solid polystyrene may depend upon the residual styrene (x M ), dimer, trimer (x CT ), oligomers (methanol soluble), mineral oil (x oil ), or polymer molecular weights in the final product. The melt flow index (MFI), Vicat temperature, heat distortion temperature (HDT), and tensile strength (TS) of the polystyrene are estimated from Wooden's correlations (Chen, 2000) . 
RESULTS
The models were implemented in MATLAB, version 5.3. In the first step, the binary interaction parameters were estimated using plant data of four different polymer grades (two grades, A and B, of high molecular weight, about 280,000, and two grades, C and D, of low molecular weight, between 170,000 and 240,000). The ethylbenzene styrene interaction parameter was estimated by using the flash model at the top stage and minimizing the difference between the reactor pressure and the calculated pressure, given the top stage temperature and vapor fraction. The styrene polystyrene and the ethylbenzene polystyrene binary interaction parameters were estimated by using the bubble point model and minimizing the difference between reactor pressure and the calculated pressure, given the reaction temperature and composition of the Brazilian Journal of Chemical Engineering Vol. 25, No. 02, pp. 337 -349, April -June, 2008 bottom stage (Wada et al., 2002) . The obtained binary interaction parameters are given below. The binary parameters between polystyrene and the other components are compatible with the ones obtained by Louli and Tassios (2000) for polystyrene with aromatic solvents (benzene, toluene). The presence of different grades of polymer in the liquid phase is well represented by the dependency of the energy and co-volume parameters with the molecular weight of the polymer molecules, as can be observed in Figures 3 and 4 . These figures present the plant data and calculated results for the top and bottom pressures of both reactors, as well as the vapor pressures of styrene and ethylbenzene at different top operating conditions. Due to the narrow region of coexistence of phases for this system, the fitted thermodynamic model presents a significant sensitivity to the interaction parameters. Despite this, the model describes satisfactorily the system behavior for the studied operating conditions, as shown in Table 4 for the relative errors between the reactor pressure and calculated pressure using the process model. In Table  4 , the calculated pressures using the ideal gas model are also presented for comparison purposes, where it can be noticed a significant increasing in the relative error as the polymer concentration in the liquid phase increases, showing the importance of considering the polymer-species interactions.
In the second step, the propagation rate coefficient of the selected set of published kinetic parameters was re-estimated by using plant data in order to minimize the differences between the measured and calculated mass average molecular weight and conversion in the second reactor (where the plant data is available). The obtained kinetic constant for the propagation rate was:
In Table 5 the measured and calculated mass average molecular weight and conversion in the second reactor are compared for three different products of each polymer grade, giving relative errors less than 5% and 7%, respectively. Before the parameter estimation, using data from Table 3 , the relative errors were up to 15% for Mw and 22% for conversion.
Merging the kinetic and the thermodynamic models in the reactor model, the polymer properties and the reactor operating conditions were predicted for four different grades of resins. The main results of these simulations can be found in Figure 5 , where two products of each grade are presented. Similar results were also obtained for formation of styrene dimer and trimer, density, viscosity, and tensile strength.
In Table 6 , the relative errors of the simulation results are shown. The larger error observed in the MFI, Figure 5a , for the grade with lowest molecular weight (grade D) is attributed to the experimental error reported in the industrial laboratory for this grade. This assertion can be strengthened by the small error in the mass average molecular weight for that grade, Figure  5b . Satisfactory results were also obtained for the conversion, Figure 5c , Vicat temperature, Figure 5d , and other polymer properties.
CONCLUSIONS
The obtained kinetic model is particularly important in order to take into consideration the thermal initiation and the bi-functional initiator, as well as the transfer to sub-products like AH and the solvent. The thermodynamic model presented a significant sensitivity to the interaction parameters between the polymer and the other components and described satisfactorily the system behavior for the studied operating conditions. The mathematical model developed for the auto-refrigerated reactors was capable of predicting the main polymer properties and operating conditions with satisfactory accuracy.
